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Molecular structure determination from x-ray scattering patterns
of laser-aligned symmetric-top molecules
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We investigate the molecular structure information contained in the x-ray diffraction patterns of an
ensemble of rigid CF3Br molecules aligned by an intense laser pulse at finite rotational temperature.
The diffraction patterns are calculated at an x-ray photon energy of 20 keV to probe molecular
structure at angstrom-scale resolution. We find that a structural reconstruction algorithm based on
iterative phase retrieval fails to extract a reliable structure. However, the high atomic number of Br
compared with C or F allows each diffraction pattern to be treated as a hologram. Using this
approach, the azimuthal projection of the molecular electron density about the alignment axis may
be retrieved. © 2009 American Institute of Physics. 关doi:10.1063/1.3245404兴
Currently available short, intense laser pulses can
strongly perturb molecules, leading to molecular alignment,
deformation, ionization, and/or fragmentation.1 Particularly
exciting is the prospect to impose new, time-dependent molecular structures during the laser pulse.2,3 Molecules in
strong laser fields have been studied by employing ion imaging techniques.4–9 These approaches, though powerful, are
restricted to small molecules and do not provide detailed
information on the molecular structure in the laser field. A
promising alternative technique is ultrafast x-ray
scattering,10,11 which may potentially be used to directly
probe the laser-induced structure of molecules of arbitrary
size with subnanometer resolution.
An ensemble of molecules of interest in the gas or liquid
phase can serve as a sample in x-ray scattering studies, provided that a high degree of spatial alignment is achieved.12–15
The far-field scattering pattern obtained over many x-ray
pulses is then an incoherent sum of scattering patterns from
individual molecules, thus reflecting the signal of a single
molecule with an enhancement factor proportional to the
number of molecules.12–14 The interaction potential between
an intense laser field and a molecule depends on the Euler
angles connecting the principal axes of the molecular polarizability tensor with the laboratory frame defined by the laser
field. This forms the basis of a powerful, general technique
for aligning molecules.16 Highly aligned molecular ensembles are readily available in the laser intensity regime
where laser-induced structures occur, suggesting that ultrafast x-ray scattering from laser-aligned molecules might
be an ideal tool to study the structure of laser-dressed molecules. Here, we address the capabilities and limitations of
this potentially important approach.
With an intense, elliptically polarized laser pulse, threedimensional 共3D兲 alignment of asymmetric-rotor molecules
a兲
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can be achieved.17–19 It is not necessary to control the orientation of the molecules,20–23 since the molecular structure can
be uniquely determined from diffraction patterns of a spatially aligned sample.24 Unlike asymmetric-rotor molecules,
the rotational dynamics of symmetric-top molecules about
their symmetry axis cannot be restricted with elliptically polarized light 共unless the molecules undergo a laser-induced
distortion and become asymmetric rotors兲. In other words,
3D alignment of symmetric-top molecules in a laser field is
not possible. As a result, the x-ray diffraction patterns of
laser-aligned symmetric-top molecules are necessarily averaged with respect to rotations about the molecular symmetry
axis.
This raises the question whether it is possible to retrieve
useful molecular structure information in the presence of this
unavoidable rotational averaging. By analyzing simulated
diffraction patterns of the symmetric-top molecule bromotrifluoromethane 共CF3Br兲 as a representative example, we investigated the extent to which different structure reconstruction methods can yield reliable information from rotationally
averaged diffraction patterns. We focused on structure reconstruction methods that are applicable not only to small molecules such as CF3Br, but also to complex molecules such as
proteins. CF3Br was selected because its alignment dynamics
in a strong laser field have been studied experimentally using
resonant x-ray absorption.15 Our findings can be summarized
as follows. 共1兲 It is difficult to obtain reliable structural information by iterative phasing techniques.25 共2兲 Exploiting
the presence of the heavy Br atom, reconstruction of the
molecular geometry of CF3Br is successful. 共3兲 The resolution of the reconstructed molecular structure is not limited
by the maximum x-ray momentum transfer recorded, but by
the imperfect molecular alignment in the laser field.
We calculated the x-ray scattering patterns of laseraligned CF3Br molecules using the methods and molecular
parameters described in Refs. 26 and 27. The initial rotational temperature was set to 1 K to mimic the best realisti-
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FIG. 1. X-ray diffraction patterns of CF3Br molecules at 1 K subjected to a
95 ps laser pulse and a 120 ps x-ray pulse for different laser geometries. 共a兲
dl = 0, 共b兲 dl =  / 4, and 共c兲 dl =  / 2. Here, dl is the angle between the
x-ray propagation axis and the laser polarization vector. The laser polarization vector lies on a plane defined by the x-ray propagation and polarization
vectors. Panel 共d兲 is obtained with the same laser geometry as in 共c兲, except
perfect 1D alignment is assumed.

cally achievable experimental situation.28 We assumed a linearly polarized 95 ps laser pulse with a peak intensity of
1.9⫻ 1012 W / cm2, resulting in quasiadiabatic alignment
with a maximum 具cos2 ml典 of 0.87, where ml is the angle
between the molecular symmetry axis and the laser polarization axis. This laser-aligned sample was then probed by a
120 ps, 20 keV x-ray pulse. The time delay between the laser
and x-ray pulses was set to zero. The gas target was placed at
the origin of the laboratory frame. The x-ray scattering patterns were calculated on a detector plane parallel to the x-y
plane of the laboratory frame. The detector plane was located
at a distance z from the target, the z axis coinciding with the
propagation axis of the incoming x rays. The laser and x-ray
parameters used are similar to those employed in the x-ray
absorption experiment discussed in Ref. 15.
Our calculated x-ray scattering patterns in the detector
plane are shown in Fig. 1. Each pattern is the result of incoherent averaging due to the unrestricted rotational motion
about the molecular symmetry axis. In panels 共a兲, 共b兲, and 共c兲
of Fig. 1, there is additional incoherent averaging as a consequence of the imperfect alignment of the molecular symmetry axis by the laser pulse. Effectively, this reduces the
achievable resolution. A comparison of panels 共c兲 and 共d兲
demonstrates that imperfect laser-induced alignment causes
the x-ray scattering pattern at high scattering angles to be
washed out. Nevertheless, the patterns in panels 共a兲, 共b兲, and
共c兲 clearly reflect the fact that, by rotating the polarization
axis of the laser, the alignment of the molecular ensemble
with respect to the x-ray detector can be controlled.
As a consequence of the rotational averaging, the x-ray
scattering pattern in reciprocal space is cylindrically symmetric with respect to the laser polarization axis. Therefore,
after introducing cylindrical coordinates in reciprocal space,

FIG. 2. X-ray diffraction patterns plotted in the two-dimensional subspace
of reciprocal space described in the text. The data in panel 共a兲 correspond to
Fig. 1共d兲; 共b兲 corresponds to Fig. 1共c兲. The green regions indicate the missing wedges.

with the laser polarization axis as the cylinder axis, the scattering intensity depends only on two coordinates in reciprocal space: The coordinate Q储 along the laser polarization axis
and the coordinate Q⬜ perpendicular to the laser polarization
axis. In the case of perfect one-dimensional 共1D兲 alignment,
the molecular symmetry axis coincides with the laser polarization axis.
The accessible area in the Q储-Q⬜ plane depends on the
x-ray wavelength, the lab-frame angular coverage provided
by the detector, and the angle dl between the laser polarization axis and the x-ray propagation axis. A maximum scattering angle of max with respect to the x-ray propagation
axis implies that
2
ⱕ
Q2储 + Q⬜

162 2
sin 共max/2兲,
2

共1兲

where  is the x-ray wavelength. Thus, for a given max, the
accessible Q储-Q⬜ region forms a semicircle.
A scattering pattern obtained for a single dl does not
provide full coverage of this semicircle. In fact, each pattern
in panels 共a兲, 共b兲, and 共c兲 of Fig. 1, when restricted to a
circular region centered at x = y = 0, covers a different subset
of the accessible semicircle in the Q储-Q⬜ plane. In the dl
= 0 configuration, only scattering intensities along the line
Q⬜ = 兩Q储兩冑4 / 共兩Q储兩兲 − 1 are accessible. Away from this configuration, the area covered in the Q储-Q⬜ plane grows. Maximum coverage is obtained when dl =  / 2.
In Fig. 2, we plot x-ray scattering intensities in the
Q储-Q⬜ plane for dl =  / 2. In the regions shown in green, the
so-called missing wedges,29 scattering intensities are not
available as a consequence of the incomplete Q储-Q⬜ coverage for a single dl. Interestingly, Saldin et al.25 recently
found that, in spite of the missing wedges, the diffraction
data from just the dl =  / 2 configuration can be sufficient
for reconstruction. The inherent redundancy in oversampled
diffraction data11 appears to overcome the lack of diffraction
information in the missing wedges.
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In the following, we discuss two approaches to retrieving the molecular structure from the diffraction data in Fig.
2. One data set corresponds to perfect 1D alignment 关Fig.
2共a兲兴, the other to a realistically achievable degree of alignment 关Fig. 2共b兲兴. The Q储-Q⬜ coverage in Fig. 2 suggests a
real-space resolution slightly better than 1 Å. However, a
comparison between panels 共a兲 and 共b兲 in Fig. 2 indicates
that the effective resolution available in the case of imperfect
alignment is only about 3 Å. In each dimension, the reciprocal space resolution was chosen to be 0.287 Å−1, which
gives an oversampling rate of twice the Nyquist rate.11
Assuming perfect 1D alignment, the cylindrically averaged scattering intensity may be approximated by25
I共Q⬜,Q储兲 = 兺 兩Am共Q⬜,Q储兲兩2 ,
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FIG. 3. The azimuthally projected structure ˜0共r , z兲 of CF3Br, holographically reconstructed from the simulated diffraction patterns of Fig. 2. 共a兲
Perfect 1D alignment and 共b兲 laser-induced alignment.

共3兲

unknown object wave. In this case, the scattering intensities
become linear in the unknown object wave and its conjugate,
thus allowing the reconstruction of the object giving rise to
the object wave. X-ray holography is discussed, for instance,
in Refs. 33 and 34.
Here, the form factor of one of the atoms of the molecule, Br 共Z = 35兲, dominates over those of F 共Z = 9兲 and C
共Z = 6兲. The right-hand side of Eq. 共2兲 may therefore be further approximated by

m

where
Am共Q⬜,Q储兲 = 兺 f jeiQ储z jimJm共Q⬜r j兲
j

represents the mth cylindrical harmonic of the scattered amplitude. The sum in Eq. 共3兲 is over the atoms constituting the
molecule, f j is the form factor of atom j, z j and r j are realspace cylindrical coordinates of atom j with respect to the
alignment axis, and Jm is a Bessel function of mth order. The
summation in Eq. 共2兲 is often a highly truncated series. In
particular, for a small molecule with an n-fold rotation axis
of sufficiently high n, Eq. 共2兲 may be well approximated by
just the m = 0 term.25 An explicit calculation showed this to
be the case here 共n = 3兲. Since this condition holds, one can
attempt to reconstruct the azimuthal projection of CF3Br using the phase-retrieval algorithm described in Ref. 25.
The algorithm begins by approximating 兩A0共Q⬜ , Q储兲兩 by
冑I共Q⬜ , Q储兲, initially assigning random phases to the amplitudes, and finding a first estimate of the azimuthally projected electron density 0共r , z兲 of the molecule via a Fourier–
Hankel transform. 共The intensities in the missing wedges are
initially set to zero.兲 A suitable object-domain operation30 is
now applied to 0共r , z兲 and a new estimate of A0共Q⬜ , Q储兲 is
found by an inverse Fourier–Hankel transform. The phases
of A0共Q⬜ , Q储兲 are retained, but, where available, their absolute values are again constrained to 冑I共Q⬜ , Q储兲. In the missing wedges, both the phases and amplitudes are retained. The
cycle of iterations between reciprocal and real space is repeated until convergence. The effectiveness of such an algorithm in reconstructing the azimuthal projection of a short
segment of a single-wall carbon nanotube to about 3 Å resolution has been demonstrated.25 However, when we applied
the above algorithm to the patterns in Fig. 2, we obtained
variable results depending on the choice of initial random
phases at the start of the iterations.
An alternative approach to reconstructing an azimuthal
projection of the molecule is to exploit a special feature of
CF3Br, which lends itself to a solution similar to the “heavy
atom” method of x-ray crystallography.31 Another way to
understand the following algorithm is by analogy to
holography.32 A hologram may be thought of as a diffraction
pattern consisting of the square modulus of a superposition
of a relatively large reference wave of known form and an

I共Q⬜,Q储兲 ⯝ 兩A0共Q⬜,Q储兲兩2
⯝ 兩f 0兩2 +

再兺

冎

f ⴱ0 f jeiQ储z jJ0共Q⬜r j兲 + c.c. ,

j⫽0

共4兲

where c.c. denotes the complex conjugate. In Eq. 共4兲, the
real-space coordinate system was chosen such that the Br
atom 共j = 0兲 is located at the origin 共r0 = z0 = 0兲. If the reconstruction algorithm
˜0共r,z兲 =

冕

Q⬜I共Q⬜,Q储兲e−iQ储zJ0共Q⬜r兲dQ⬜dQ储

共5兲

is applied to I共Q⬜ , Q储兲, it may be seen, by substituting
Eq. 共4兲 into Eq. 共5兲, that
r˜0共r,z兲
⯝ 兩f 0兩2␦共z兲␦共r兲 + 兺 ␦共r − r j兲
2
j⫽0
⫻兵f ⴱ0 f j␦共z − z j兲 + f 0 f ⴱj ␦共z + z j兲其,

共6兲

assuming relatively slow variations of f j with Q⬜ and Q储.
That is, one would expect the reconstruction ˜0共r , z兲 to show
peaks at the cylindrical coordinates r j, z j of the atoms of the
molecule, with some enhancement of intensity close to the
cylinder axis. In addition, a twin image32 with peaks at r j, −z j
is obtained. Note that Eq. 共5兲 defines a single-pass, noniterative algorithm, which does not depend on an initial choice of
random phases, and, as such, produces a unique result for a
particular diffraction pattern.
Figure 3 shows the molecular structures reconstructed,
using Eq. 共5兲, from the diffraction patterns in Fig. 2. In order
to prevent the overshadowing of the C and F atoms by the Br
atom, the intensities of a 3 ⫻ 6 array of central pixels have
been artificially reduced by a factor of 5. All pixels with
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negative intensity have been set to zero. In the case of perfect
1D alignment 关Fig. 3共a兲兴, the atomic constituents of CF3Br
共and its holographic twin image兲 are clearly visible. However, considerable smearing of the C and F atoms is seen in
the reconstruction from laser-aligned CF3Br 关Fig. 3共b兲兴. The
smearing is consistent with the imperfect alignment achieved
under the conditions considered. At 具cos2 ml典 = 0.87, the C
atom, for instance, is expected to be displaced from the
alignment axis by, on average, two pixels.
The unphysical electron density near r = 2, z = ⫾ 1 in Fig.
3 is a consequence of the missing wedges. Its presence is not
apparent in panel 共a兲 because the density of the sharper F
atoms in Fig. 3共a兲 is about twice as large as that of the
smeared-out F electron cloud in Fig. 3共b兲. Since Eq. 共5兲 defines a noniterative procedure, it is not possible to recover
the scattering information in the missing wedges.
In conclusion, we investigated the capabilities of algorithms for reconstructing the electron density of a
symmetric-top molecule aligned by a high-intensity laser.
The reconstructed electron density is unavoidably azimuthally averaged. We find that an iterative phasing algorithm25
does not yield sufficiently reproducible results. This could be
due to the heavy Br dominating the scattering, and/or because one is operating at the resolution limit of the x-ray
scattering arrangement. However, reliable reconstruction was
achieved using an algorithm inspired by holographic concepts. We find that even a laser intensity as high as 1.9
⫻ 1012 W / cm2 does not provide sufficient molecular alignment for atomic-resolution imaging of small molecules such
as CF3Br. A higher laser intensity might make it possible to
confine the rotational motion more strongly, but would most
likely lead to laser-induced structural distortion.
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